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1.

INTRODUCTION

Finding the shortest route for a travelling salesman,
who wishes to visit every city, is a well known problem.
Less well known is the Chinese Postman who wishes
to travel along every road to deliver letters. The Chinese Postman Problem has numerous applications, but
has not so far received a satisfactory treatment in the
computing science literature.
This paper:
•
•
•

•

1.1.

Reviews motivating applications of the Chinese
Postman Problem.
Provides a derivation of the mathematical formulation of the Chinese Postman Problem for directed
multigraphs.
Provides and explains executable code to solve the
problem. The code is written in Java [6] (a welldeﬁned programming language that has a multiplatform executable environment) — provided as
an Appendix, and also available on the World Wide
Web. (The web site also provides a Mathematica [57] version of the code.)
Shows that the problem is equivalent to a nontrivial linear programming problem (not merely
that it can be solved by linear programming):
speciﬁcally, there is essentially no simpler algorithm for the Chinese Postman Problem.
Background to the problem

The Chinese Postman Problem (CPP) is interesting because it is simple problem, with wide application, but
for which there is no simple algorithm. The code for it,
given at the end of this paper, is about ten times longer
than that for the Travelling Salesman Problem (TSP)
(as given in [50]) — and, as we argue below, there is no

way to make it signiﬁcantly shorter.
The simple algorithm mentioned above for the TSP
is so slow that it has little practical use, but since the
TSP has practical applications of economic importance,
there are numerous specialised algorithms for it that
exploit assumptions in the structure of particular classes
of problem [41]. Likewise, the CPP for undirected and
mixed graphs is NP-complete and has many algorithms
[25], but in contrast the CPP for directed graphs — the
topic of this paper — is polynomial and eﬃcient and
has basically one algorithm. This algorithm has never
been published in full before now.
Unfortunately the CPP is caught up in the tensions
between three clear points of view.
From the point of view of operations research, the
CPP is a standard solved problem (e.g., [23]), yet
Skiena’s comprehensive Algorithm Design Manual [51]
says no suitable algorithm (e.g., in a code library) has
been identiﬁed for it, and that you have to do it yourself.
Some references, such as [14], merely assert “there is
an eﬃcient algorithm” but provide no details; reference
[4] says, “[t]he details of the algorithm are too complicated to give here”; many mention CPP but do not give
any solution because (they say) of the complexity of the
accepted methods (e.g., [56]). The undergraduate reference work [18] mentions CPP as an exercise but gives
no answer. Some describe the algorithm in a mixture of
English and mathematical steps: for instance, the algorithm sketched in [39] cannot be made to work without
very close reading of the rest of the paper, plus expertise
in network ﬂow algorithms. Some, such as [15, 51], describe the algorithm entirely in prose, so at least there
are no unexpected sources of confusion, but it is unhelpful for people who want correct, executable algorithms.
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Some, such as [30], just sketch the main steps of algorithms; indeed the presentation of the CPP in [30] is,
in its own words, “rather informal” (unlike almost all
other algorithms in the same book). Some, such as [2],
provide a mixture of mathematics and English, and provide code for most of the relevant routines, but the code
is presented in semi-formal notations, which are diﬃcult
to translate into complete and correct algorithms (e.g.,
because what may look like a simple variable is in fact
a non-trivial dynamically bound expression).
In short, the literature on the CPP is not an effective starting point for getting a reliable algorithm.
The published algorithms might better be called quasialgorithms, for they clearly fail the test of deﬁniteness
required in computing science [33]. The paper [39],
mentioned above, is a case in point. (To be more charitable, when the CPP was deﬁned in the early 1960s [38]
algorithms were not presented formally — the computer science literature has only discussed algorithms
rigourously since the mid-1970s, and even today rigour
is surprisingly patchy.)
Secondly, the CPP has real-world applications (see
Section 2), but real-world applications generally require
more sophistication than the basic problem covers. Operations research has generalised the CPP to more and
more sophisticated applications, and the basic algorithm seems no longer an issue. This, combined with
the previous point, means that the published quasialgorithms for the CPP are at the same time trivial to
professional operations researchers, yet fundamentally
ﬂawed to computer scientists.
Finally, from a professional point of view, speciﬁc
cases of the CPP can be solved using eﬃcient, though
expensive, packages. The University of Karlsruhe has a
web site listing numerous commercial packages for vehicle routing (of which the CPP is a special case) [48];
various reviews of commercial products are also available [29] — which says that vendors are “tight lipped”
about their algorithms. From the professional point of
view, then, there is no interest in (perhaps a resistance
to) a clear exposition of the algorithm.
...
It is interesting to compare this situation with the otherwise wide accessibility of algorithms in the computing
science literature. There are very few modern discussions of sorting, say, that do not express their contribution with an emphasis on correctness and by using a
well-deﬁned programming notation with no hidden surprises.
Computer scientists use the term algorithm to mean
a deﬁnite procedure, but more generally good science
is distinguished by being reproducible or, as Ziman
puts it, consensible [58]: its claims should be expressed
clearly enough so that others can either give assent or
ﬁnd well-founded objections. Either way, others should
be able to build directly on published work, with a minimum of guesswork. This paper derives and provides

a basic, executable algorithm for the CPP, expressed
in Java (see Appendix A), a well-deﬁned programming
language. Indeed the algorithm is directly executable
exactly as presented in this paper (see Appendix C for
the justiﬁcation of this claim).
Since nothing is missing from the program (Java systems accept and run it as it stands), our presentation
provides as much as possible — both explanation and
code — for anyone to precisely formulate their objections or improvements. More practically, readers of this
paper may ﬁnd the executable algorithm directly useful
in their own work. It should be emphasised that our aim
is to contextualise and present a correct, clear and precise algorithm, rather than an eﬃcient algorithm which
would be more complex. The paper, however, provides
many pointers to the relevant literature, including a discussion (in Appendix D) of some alternative approaches
to a core part of the algorithm.
Even if there were adequate published algorithms for
the CPP, our particular implementation is elegant and
interesting in its own right: the preliminary phase combines checking (to conﬁrm it is given a valid problem)
with initialising a data structure, which is then exploited in two diﬀerent ways in the subsequent phases of
the implementation; we also use a single shortest paths
routine for three diﬀerent purposes.
2.

THE CHINESE POSTMAN PROBLEM
AND ITS APPLICATIONS

A postman delivering letters in a village may wish to
know a circuit that traverses each street (in the appropriate direction if one-way streets), starting and returning to the oﬃce. The postman may have to visit
some streets more than once. This is obviously a graph
theoretic problem: roads are edges, and road junctions
are vertices. The postman requires a Chinese Postman
Tour, which we abbreviate CPT [38].
There are important variations on the Chinese Postman Problem. Primarily, the graph may be undirected,
directed or mixed. Computationally, the undirected
and directed cases are polynomial, whereas the mixed
is NP-hard [44]. This paper considers the directed case
on multigraphs (graphs with parallel edges), in particular because this case arises naturally in analysing links
in the World Wide Web.
Figure 1 shows a simple village, with four intersections and six one-way streets. The least cost CPT in
this case requires travelling down streets ten times. In
this case, some streets have to be used more than once,
but this is not always the case.
The postman probably wants a shortest such circuit,
with few repeated street visits. The cost of a CPT
is deﬁned as the total edge weight, summed along the
circuit (e.g., the total distance walked). An optimal
CPT is a CPT of minimal cost. If some weights are
negative an optimal CPT may not be deﬁned: if there is
any circuit with an overall negative weight, the postman
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FIGURE 1. A simple directed graph that is not Eulerian.
Taking each edge to be of equal weight, an optimal Chinese
Postman Tour of this graph is 1, 2, 4, 1, 2, 3, 4, 1, 3, 4, 1, a total of 10 edges. (There are other optimal tours of this graph;
an optimal tour need not be unique.)

could arbitrarily repeat it and get a total cost lower and
lower without bound.
Imagine trying to understand your mobile phone.
Pressing buttons takes the phone to new states, and
corresponds to travelling down one-way streets. After
some considerable work, one might obtain a map of how
the phone works. The question then is, is this map correct? Unfortunately, the map may be complex and difﬁcult to test systematically. Given the map, a CPT
will provide a systematic test sequence that will exercise each transition in every state. The optimal CPT
will give the shortest test sequence possible; you could
then step through the CPT ‘instructions’ and note any
unusual behaviour of the mobile. (On the ﬁrst visit
to a state, all buttons supposedly unused in that state
should be checked.) The length of the optimal CPT is
therefore a measure of a machine’s complexity [53].
As a concrete example, the Nokia 2110 mobile phone
has a menu subsystem of 88 menu-items and 273 actions [42]; the optimal CPT of this takes 515 button
presses, plus 79 presses (done at appropriate points) to
check presses that do nothing. (Some states have fewer
options than there are buttons; each unused button in
a state corresponds to a self-loop in the graph.) In
comparison, the shortest trip that visits each vertex at
least once (a solution to the TSP), for instance to check
that each menu-item function corresponds correctly to
its name, is only 98 button presses. Thus it is much
easier to check the functionality than check the user interface. It is clear that usability tests involving real
users — even for such a “simple” device — are unlikely
to be exhaustive, even if users make no mistakes. Indeed the Nokia 2110’s user interface is quirky, perhaps
a corroboration of the diﬃculty of performing eﬀective
user tests (cf. Figure 8 in [54]).
Another example is checking links in a web site. Since
links are often descriptive, and require an understand-
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ing of their purpose, they must be checked manually to
see whether they link to appropriate pages. However,
on following a link, the human checker is now on another
page. The CPT gives a route around a web site that
exercises every link, and does so with minimal clicking.
The web site for Benjamin Franklin’s House [40] at the
time of writing had 66 pages and 1191 links. The optimal CPT is 2248 links, which is hard for a human to do
unaided. Either the human tester needs tool support,
or an alternative method must be used. In fact, this
site was generated by a web site compiler, which compiled 78 pages with only 201 links, most of which could
be checked by the compiler automatically. The source
site has a CPT of only 241 links, including the links the
compiler checks itself.
Ideally a hypertext development system will provide
mechanisms to help check sites (for instance, so that
the human checker can take a break and not lose track
of where they had got to). However a user of a web
site, browsing it, may want to ﬁnd the quickest route
around the entire site. The longer the CPT, necessarily the harder it will be for someone to ﬁnd their way
around a site. It is clear, then, that the CPT gives
a measure of the complexity of a web site. It would
be interesting to research whether a user’s sense of being “lost in hyperspace” [52] depends on a normalised
length of the CPT — say, the CPT length divided by
the total number of pages, which would be a bound on
the rate of progress any user could make through a site.
To ﬁnd the map of a mobile phone, video recorder or a
web site in the ﬁrst place is not easy if it has to be done
by reverse engineering. This problem is equivalent to
the mobile robot exploration problem, where a robot has
to explore (by physically moving around in) a network
when it does not know, to start with, what the network
is. The robot has to explore every edge and vertex of the
network (obeying any one-way restrictions), and it has
to do so travelling a minimum distance. For a network
of m edges, an algorithm has been found that takes at
most mφO(log φ) steps [3], where φ is the deﬁciency of
the graph, a term we deﬁne below. We will see that the
algorithm for the CPT also determines the deﬁciency.
Deﬁciency is a measure of the ease of use of a system:
it relates to how hard a device is to fully understand
without beneﬁt of a map, or how hard a network (e.g.,
a building or interactive device) is to learn.
There are many variations of the CPP. The hierarchical CPP [26] partitions the graph into clusters, so
that all edges in each cluster must be visited before the
next stage starts: this variation has applications in construction. The selecting CPP (otherwise known as the
rural CPP ) is a variation where the postman must visit
certain roads (the ones for which there are letters to be
delivered) but not necessarily all of them [47]. In machine test terms, the selecting CPP arises, for instance,
if we wish to ﬁnd the shortest test sequence that tests
each button on a machine at least once (but not necessarily to test all state transitions) [16, 49]. The selecting
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CPP can be used to solve the incremental CPP, where
an impatient postman sets oﬀ before ﬁnding the optimal CPT solution. The selecting CPP can also be used
for solving the problem of checking a web site where
some links have been mechanically constructed (e.g.,
from templates and are therefore known to be correct)
but others, the ones to be checked, were created by
hand. The piecemeal problem [8] is to perform a tour,
while occasionally returning to the starting point (for
instance, to refuel a robot, or to reset the mobile phone
to standby — say, if it has timeouts that force a reset).
If web pages cannot be accessed from the home page
of a site, then they are hardly part of the site, but there
is no need for every page to be accessible from everywhere else. (For example, the site may be a directed
tree rooted at the home page.) In this case, a tour of
a site checking links will get stuck. However, browsers
provide bookmarks, and provided the bookmarks have
been initialised with pages from the site, it is possible to
continue the tour of the site by occasionally ‘jumping’
to other pages using the browser features rather than
intrinsic links in the site. This problem is a special case
of the rural CPP. In Section 6 we show how a simple
generalisation of the CPT solves this problem.
Because we are using multigraphs, a CPP algorithm
can also solve postman problems where multiple visits
to a street have diﬀerent costs. Using the rural postman problem, any street visits necessary only to “get
back” can have diﬀerent costs again. For example, the
ﬁrst visit to a street may be slow because letters are delivered, the second visit (if necessary) faster because a
few large letters are delivered, and if the postman uses
a street to get back (without any deliveries), it can be
done faster still. In testing web sites, to give a diﬀerent
example, it might be that the ﬁrst visit to a page takes
longer because it is being read more carefully.
We do not consider here undirected or mixed graphs
(graphs containing both directed and undirected edges);
but see [17, 20, 45]. In particular, we do not consider the
windy CPP [46], which assumes the costs are diﬀerent
depending on the direction — as if the postman had
to walk against the wind one way (but, as the edges
are undirected, only needs to go down a street once in
either direction).
Other applications of the CPP include routing snow
ploughs so that streets are not wastefully re-cleared,
garbage collection, milk delivery, and so on. The CPP
can be used for solving the problem facing an art connoisseur who wishes to see every exhibit in a museum
but without strenuous walking. For further references,
see also [7, 9, 10, 13, 21, 22, 23] — references [21, 22]
together form a substantial two-part review.
Finally Orloﬀ [43] originally introduced the idea of
the General Routing Problem: to visit some edges and
some vertices in a graph — if all edges are to be visited,
the problem is the CPP; if some edges are to be visited,
the problem is the rural CPP; if all vertices are to be
visited the problem is the TSP.

3.

DEFINITIONS

Discussion of graph-theoretic terms may be found in
standard graph theory references: e.g., any of [2, 4, 12,
27, 30, 56] cover everything required here; [18, 50] are
more oriented to computing science, and in particular
[50] has a good bibliography and provides many algorithms in Mathematica [57].
In this paper we consider weighted directed multigraphs (graphs that can have more than one edge between vertices). This suits the problem of checking web
sites: a vertex is a page, an edge is a link, and the
weight represents a cost, perhaps estimated in seconds,
of the user checking the link. One might give diﬀerent
costs to within-page links than to links to other pages,
frames, images, and so on.
Although our algorithm can handle applications other
that link checking, it is worth considering a small point.
Browsers typically provide ‘back’ buttons so a user can,
after following a link from page A to page B, get back
to page A. But this does not mean that the link AB
is undirected. First, it is not possible to use the back
button to get from B to A unless the previous action
was to get from A to B. Secondly, we want to check
the correctness of links, so regardless of the short-cuts
the browser provides, if there is a link from A to B, we
want to check it, and we must do so by going in that
direction.
The degree of a vertex is the number of edges incident
to the vertex. More speciﬁcally, the in-degree of a vertex
v (the number of edges going into it) is d− (v), and the
out-degree (the number of edges pointing out of it) is
d+ (v). Let δ(v) = d+ (v) − d− (v). If δ(v) = 0, we say
the vertex v is balanced.
In general graphs may have isolated vertices, but we
only consider graphs as collections of edges. It follows
that every vertex must have at least one edge: the minimum degree of the graph is 1. Such a graph G is a
collection of edges label , (i, j), c, where label is an identiﬁer for the edge (e.g., a URL and ﬁle oﬀset, possibly
along with the hot text), (i, j) is a directed edge (from
vertex i to j), and c the cost associated with the edge.
The goal is to determine a list of labels that, in order,
constitute an optimal Chinese Postman Tour.
Theorem 3.1. A graph of minimum degree at least
1 has a CPT (a circuit that traverses each edge at least
once) if and only if it is strongly connected.
(A graph that is weakly connected must have a minimum degree of at least 1, but the converse is not necessarily true. )
Proof.
(i ) If a graph has a CPT then there is a circuit that
traverses each edge (at least once). In a graph of minimum degree 1 every vertex has an incident edge, so
all vertices must be visited, and since a CPT is closed,
there is a directed path between every pair of vertices.
Therefore the graph is strongly connected. (Note that a
graph of minimum degree 0 may have a CPT yet with-
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out being strongly connected.)
(ii ) The proof of “only if” constructs a CPT. At any
stage in the tour, identify any as-yet unvisited edge.
Since the graph is strongly connected, there is a path
from the current vertex to the vertex that originates
the unvisited edge. Thus the tour may be extended
with this path and to include the edge. The process
is repeated until no unvisited edge remains. Finally a
path is found from the last vertex visited to the initial
vertex: such a path exists since the graph is strongly
connected.
✷
As noted above, whether a graph with a CPT has
an optimal CPT further requires there are no cycles of
negative weight.
3.1.

Eulerian graphs

An Eulerian graph is deﬁned as one that has a circuit
traversing each edge exactly once, and which returns to
the start vertex. Finding an Euler circuit has standard,
simple algorithms (see below, §5.4). Certain classes of
Eulerian graph have trivial solutions, notably randomly
Eulerian graphs [12], where circuits, possibly starting
from a restricted subset of vertices, can be constructed
by traversing any unused edge as each vertex is visited.
An Euler circuit of a graph is obviously an optimal
CPT, since each edge is traversed exactly once. Unfortunately not all graphs are Eulerian and admit Euler
circuits:
Theorem 3.2. A directed graph is Eulerian if and
only if it is connected and every vertex is balanced.
The proof is straightforward but (for the directed
case) too lengthy to include here. (See [11] or [12] for
an interesting historical perspective.)
4.

AN OPTIMAL CPT ALGORITHM

The derivation of the algorithm in this section is quite
detailed; the algorithm itself is discussed more concretely from Section 5 onwards. This section establishes
what subproblems a CPT algorithm must solve, and it
shows they are both necessary and suﬃcient (though
this does not preclude alternative approaches that are
equivalent). Moreover, to ﬁnd a least cost tour, we show
under what terms optimality can also be achieved.
By Theorem 3.1 we know the problem is soluble, but a
CPT constructed in the manner of the proof is unlikely
to be optimal. We must derive a better algorithm!
Every edge must be traversed at least once in a CPT.
The total cost of traversing each edge exactly once
(whether or not this is possible on a single path) is
ﬁxed, and is the sum of all edge costs.
Let fij be the extra number of times an edge (i, j) is
traversed in a CPT; since every edge has to be traversed
at least once, fij + 1 ≥ 1 is the number of times an edge
(i, j) is traversed in the CPT.
It is convenient to deﬁne cij as the least cost of any

parallel edge (i, j).
Since a CPT has to traverse all edges at least once,
ﬁnding the optimal tour amounts to ﬁnding how to minimise the excess cost, φ, the
 additional cost of traversing
the repeated edges: φ = cij fij .
If each edge weight is 1, the smallest value of φ is the
least number of edges that need to be added to make
the graph Eulerian (proved below); this is the deﬁciency
of the graph, as required for the robot exploration problem, mentioned above.
If G is Eulerian, all f would be zero, and φ would be
zero and thus minimised for that graph.2 If G is not
Eulerian, however, φ clearly cannot be zero, so there
must be constraints on the values f can take. What are
these constraints?
Deﬁne two subsets of vertices:
D+

= {v | δ(v) > 0}

−

= {v | δ(v) < 0}

D

So D+ is the set of unbalanced vertices with an excess of out-going edges, and D− the set of unbalanced
vertices with an excess of in-going edges.
Three observations are required: that the algorithm’s
approach is necessary (i.e., that it does not do unnecessary work), suﬃcient (i.e., that it determines a valid
CPT), and that it ﬁnds an optimal CPT:
1.

Necessity. By Theorem 3.2, a directed graph is
Eulerian if it is connected and every vertex is balanced. By deﬁnition, vertices in D− and D+ are
not balanced: a CPT therefore requires edges adjoined out of D− and edges (not necessarily the
same edges) into D+ . These edges will form (part
of) extra, adjoined, paths in the graph, and are
a way of representing the fact that the CPT will
require some edges in the original graph to be traversed more than once.

In order for all vertices to become balanced, the number
of adjoined edges into a vertex v ∈ D+ must equal the
δ(v) of that vertex; and the number of adjoined edges
out of a vertex v ∈ D− must equal the −δ(v) of that
vertex.
Theorem 4.1. Exactly k adjoined paths are required
to balance all vertices, where

k =
δ(v).
v∈D +

Proof.
(i ) If edges are duplicated along any path with initial
vertex in D− to a ﬁnal vertex in D+ , this does not aﬀect
the balance of any intermediate vertices (since the path
goes both in and out of each intermediate vertex).
2 True
when the costs are positive;
otherwise the
minimal φ can be negative.
Consider the graph
{a, (1, 2), −1, b, (2, 1), 2, c, (2, 1), 2} (which has no negative cycles and therefore has a valid CPT).
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(ii ) If there were no edges in a graph, then d+ (v) and
d (v) would be zero for every vertex. Now each edge
+
(i, j) in a directed graph contributes 1 to d
 (i)+and 1
−
v, v d (v) −
to d (j) so necessarily, over all vertices

d− (v) = 0. By deﬁnition, then,
δ(v)
= 0. Since
v
δ(v) > 0 if and only if v ∈ D+ and δ(v) < 0 if and only
if v ∈ D− , we have


k =
δ(v) = −
δ(v)
−

v∈D +

Suﬃciency. By Theorem 4.1 all vertices can be
balanced by adjoining k paths from vertices in D−
to vertices in D+ . Since the paths are least cost
paths, they are suﬃciently determined by their end
vertices.

In fact Observation 2 shows we can also ﬁnd ‘solutions’
for arbitrary graphs, and therefore for graphs that are
not strongly connected, which (by Theorem 3.1) cannot
have CPTs. Thus the algorithm requires a guard that
the graph is strongly connected.
Theorem 4.2. If any adjoined edge is part of an optimal CPT, then that edge must occur as part of a minimal cost path from D− to D+ .
Proof. Since the total cost of the CPT is simply
a sum of costs, then if any path is not a minimal cost
path, we can reduce the cost of the CPT by replacing
the path with a lower cost path. Any adjoined edge not
on a minimal cost path must be suboptimal.
✷
Note that least cost paths may go through some vertices in D− or D+ because of restrictions in the connectivity of the graph.
3.



given :

δ(i) < 0
δ(j)
> 0 
 
δ(j) = − δ(i)

v∈D −

(iii ) Hence by choosing unbalanced vertices as the
start and end of paths, adjoining k paths from D− to
✷
D+ makes all vertices balanced.
2.


we
that each required path (i ❀ j) contributes 1 to fij
have an integer linear programming problem: minimise
φ subject to certain constraints, as follows.

Optimality. By Theorem 4.2, paths that are least
cost paths from D− to D+ provide an optimal solution.

Conceptually our approach is therefore to adjoin paths
to create a new graph G that is Eulerian, and where
G is a smallest such graph (least total edge weight)
that contains G as a subgraph. (The algorithm given in
Appendix A does not represent G explicitly, instead it
constructs the graph G − G.) Thus G is constructed
by ﬁnding least cost paths (i ❀ j) connecting the unbalanced vertices in G and adjoining corresponding edges
(i, j) in G . Adjoined edges (i, j) ∈ G have weight cij ,
the weight of the least cost paths (i ❀ j) ∈ G; note
that cij ≤ cij . Similarly the generalisation of fij of G

in G is fij
.
Once we have the Eulerian graph G , any Euler circuit of it (all Euler circuits have the same cost) represents an optimal CPT of the original graph G.
Linear programming often provides a concise formulation for an optimisation problem, as now. Recalling

minimise :



φ =



  fij
f
subject to :
 j ij

i fij


cij fij

≥ 0
= −δ(i)
=
δ(j)

(1)

where i ∈ D− ; j ∈ D+ ; f  , δ ∈ Z; c , φ ∈ R

This form of linear programming represents a transportation problem [36]. If we have appropriate library
routines available, the problem is of course as good as
solved (Appendix D), but if we do not, we need to work
out an approach. First we show that the CPT yields a
non-trivial transportation problem, then (in Section 5.3
below) we derive an algorithm appropriate for it. (The
fully coded algorithm is given in Appendix A.)
The problem is that, while any of the k (cf. Theorem 4.1) adjoined least cost paths are easy enough to
ﬁnd given the choice of their start and end points in D−
and D+ , there are k! possible pairings of end points to
choose from. Thus, unless k is 0 or 1 (when k! = k),
the optimal solution will be some least cost subset of
the possible paths. We need to ﬁnd a solution to this
subsidiary problem more eﬃciently than blind search.
It is worthwhile brieﬂy showing that this problem is
non-trivial. An obvious way to try to ‘solve’ the problem would be to use the greedy method — to pick oﬀ
paths, cheapest ﬁrst.
Now, consider the following set of potential paths and
costs:
δ(u1 ) = −1, δ(v1 ) = 1
δ(u2 ) = −1, δ(v2 ) = 1
((u1 ❀ v1 ), 1), ((u1 ❀ v2 ), 10),
((u2 ❀ v1 ), 10), ((u2 ❀ v2 ), 100)
(We leave it as a simple exercise to show that there are
graphs G that result in these conditions.)
Here k = δ(v1 ) + δ(v2 ) = 2 (in other words, k = 2
paths, chosen out of the k! = 2 possible subsets of paths
must be found). Here the cheapest path is (u1 ❀ v1 ),
but if it is selected, then the other path will have to be
(u2 ❀ v2 ) and the total cost will be 101. But as can be
seen by inspection this is not the best solution, which
uses the paths (u1 ❀ v2 ) and (u2 ❀ v1 ), achieving a
total cost of 20.
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Incidentally, the greedy algorithm in this example
happens to have found a stable marriage (neither u1
nor v1 would agree to swap their partners — so the
pairings are stable): since it is stable but wrong, a stable marriage algorithm [34] is inadequate to solve the
problem.
At the other extreme, another ‘obvious’ way to try to
solve the problem would be to try all k! cases systematically. A systematic search can be speeded up by using a
branch and bound algorithm (once a solution has been
found, no partial solution that costs more need be fully
expanded). But without a guarantee that paths are explored in a suitable order, it could take a long time,
since the total number of subsets of paths to examine
grows prohibitively.
5.

ALGORITHMIC DETAILS

The phases of the algorithm are to:
1.

2.

3.

Check the graph is strongly connected (the algorithm otherwise “runs,” but incorrectly). Check
no cycle in the graph has a negative weight.
Identify unbalanced vertices that are the start and
end of paths to be adjoined, and determine the
costs of all possible paths between them. If the
paths themselves are recorded at this stage, some
of them will be used in Phase 7.
Of the set of possible paths, determine the subset
of least cost paths so that all start and end vertices are ‘used.’ This problem can be solved by
various methods. We describe one explicit method
in Section 5.3, and review some alternatives in Appendix D: the simplex method, matching and network ﬂow, etc.

If only the cost of the CPT is required, the following
three phases, which determine the tour itself, are not
required.
4.
5.
6.

Construct an Eulerian graph G , using the solution

from Phase 3, where E(G ) = E(G) {fij
× (i, j)}.
Determine the Euler circuit of this graph.
Convert the Euler circuit into a CPT of the original graph (this subproblem requires the least cost
paths from Phase 2). There are variations on this
phase, depending on whether a complete circuit is
required (i.e., a return to the start vertex).

In the literature, phases 1–3 are typically assumed or
glossed; phase 4 is so familiar to the operations research literature that it is dismissed — whereas in fact
it conceals some problems; and phases 5 and 6 are both
straight forward and well explained in the literature.
(Phase 6 can be combined elegantly with 1 and 3.) Finally, phase 7 is straight forward. Appendix A provides
full details of all phases.

5.1.

7

Worked example

For the example in Figure 1, and taking all edges to


+3f32
+
have weight 1, we have the excess cost φ = 2f31


f41 + 2f42 . The cost of the least cost path (4 ❀ 1) is
1, (3 ❀ 1) and (4 ❀ 2) is 2, (3 ❀ 2) is 3, so these are


the coeﬃcients of fij . The constraints are f31
+ f41
=






1, f32 + f42 = 1, f31 + f32 = 1, f41 + f42 = 1 — one
equation for each unbalanced vertex. Notice that this
problem only has four variables, not one for each of the
sixteen possible paths, but just one for each path from
{3, 4} (those in D− ) to each of {1, 2} (those in D+ ). An




= 0, f32
= 1, f41
= 1, f42
= 0,
optimal solution is f31
and the deﬁciency of the graph is therefore 4. The graph
has 6 edges, so the optimal CPT takes 6 + 4 = 10 edges.
Figure 2 summarises.
Although the example is not complex (e.g., edges
have equal weight), it does have the property that φ
does not depend on f  . This is relevant because it provides a counter-example to the idea that a transportation problem (such as the CPP) necessarily only has



integer solutions. There is a solution f31
= f32
= f41
=
1

f42 = 2 where φ has the optimal value of 4 and the

are not inconstraints are still satisﬁed except the fij
tegral. This is a problem, since non-integral f  are not
acceptable: a valid CPT solution requires f  be integral. That f  can be integral at the optimal φ follows
from the form of the constraints: the polyhedron of constraints has integer vertices, and a minimal value for φ
can always be found at a vertex.
5.2.

Phases 1 & 2: Preparation

First it must be established that G represents a strongly
connected graph with no negative weight cycles. This
may be done by ﬁnding the all-pairs shortest path costs,
c (for example, by using the Floyd-Warshall algorithm
[1, 51]). If some element of c is unbounded, the graph
is not connected. For any vertex v, cvv is the cost of
a least cost cycle including that vertex; a graph with
negative weight cycles will have cvv < 0 for some v.
The following notes show that this stage of the algorithm can be exploited further in preparation for later
stages:
5.2.1. Finding shortest paths
Later the algorithm for the CPP will require certain
shortest paths and their costs. The Floyd-Warshall algorithm can eﬃciently ﬁnd and record all shortest paths
at the same time as establishing the costs, by building
a matrix P (called path in Appendix A) such that the
ﬁrst edge of the least cost path (u ❀ v) from vertex u
to vertex v is Puv . (Subsequent edges along the path
are found similarly; if Puv is an edge (u, u ) to u = v
then Pu v is the next edge to take towards v, and so
on.)
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Original graph G (as list of edges)
Vertex δs
D−
D+
Variables
φ
Constraints
Integer solution minimising φ
Extra paths to adjoin
Adjoined to make G
Euler circuit for G
Least cost path for edge not in the graph G
. . . splice in to make CPT of G
Most expensive adjoined path
. . . hence least cost unrestricted CPT

(1, 2), (1, 3), (2, 3), (2, 4), (3, 4), (4, 1)
δ(1) = 1, δ(2) = 1, δ(3) = −1, δ(4) = −1
{3, 4}
{1, 2}




f31
, f32
, f41
, f42




2f31 + 3f32 + f41
+ 2f42








f31 + f41 = 1, f32 + f42 = 1, f31
+ f32
= 1, f41
+ f42
=1




f31 = 0, f32 = 1, f41 = 1, f42 = 0

fij
× (i ❀ j) = (3 ❀ 2), (4 ❀ 1)
(1, 2), (1, 3), (2, 4), (2, 3), (3, 4), (4, 1), (3, 2), (4, 1)
3, 2, 4, 1, 3, 4, 1, 2, 3
(3 ❀ 2) → 3, 4, 1, 2
3, 4, 1, 2, 4, 1, 3, 4, 1, 2, 3
(3 ❀ 2)
2, 4, 1, 3, 4, 1, 2, 3

FIGURE 2. Sample data solving the CPT for the graph from Figure 1.

5.2.2. Finding a spanning tree
The last phase of the CPP requires an Eulerian circuit.
One algorithm for ﬁnding an Eulerian circuit uses a
spanning tree (see §5.4) — note that the matrix P gives
the edges of a spanning tree Tv of G rooted at v by
Tv = {Puv : u ∈ V, u = v}. Since, by construction, G is
a spanning subgraph of G , any spanning tree of G is
a spanning tree of G , hence an Eulerian circuit of G
can be found using Tv .
The algorithm presented in Appendix A uses both
ideas. However if it is known a priori that the graph
is connected and has no negative cycles (many classes
of graphs encountered in practice are known to have
positive weights) then — depending on trade-oﬀs with
other algorithms used — it may be more eﬃcient to
compute the vertex degrees, and then ﬁnd the fewer
shortest paths (and their costs) only between the unbalanced vertices.
5.3.

Phase 3:
Solving the optimisation problem

Although the core of the algorithm (Phase 3) can be expressed as a linear programming problem, using a general purpose method (e.g., the simplex method), while
possibly convenient if it is available as a subroutine (as
it is in, say, Mathematica), is not the only or most efﬁcient way of attacking it. Here we develop a cycle
canceling algorithm [31]; we review some alternatives in
Appendix D.
For notational clarity, in this section it is convenient
to use a plain c and f instead of c and f  . A set of
values F = {fij } that satisﬁes the constraints (1), but
which may or may not yield an optimal value for φ, is
termed a feasible solution. Thus the algorithm must
ﬁnd a feasible solution that is also optimal.
Any feasible solution F  that is an improvement over
another feasible solution F must adjust some values:

fij
= fij − aij , which we can write as F  = F − A,
A being the graph of non-zero a-edges. The overall


improvement in φ will be
cij aij .
An algorithm therefore suggests itself:
•
•

Establish an initial feasible solution, F (e.g., using
the greedy method);
Iterate F := F  while better solutions F  = F − A
can be found.

If F  = F − A is a feasible solution,
what can we say

about the adjustment A? Both j fij (for all i ∈ D− )

+
and
i fij (for all j ∈ D ) are ﬁxed for all feasible
solutions
(of
a
particular
problem),
so necessarily both


a
and
a
are
zero.
We
call
an adjustment sati ij
j ij
isfying these zero sum constraints and with no aij > fij
(since all f  ≥ 0) a valid adjustment.
The problem, then, is to ﬁnd valid adjustments. We
will show that any valid adjustment F  = F − A can
be broken down into steps, each of which uses a valid
adjustment which is a cycle (we want to be sure this is
the case when A is an adjustment that ﬁnds an optimal
solution). Finding such cycles is straight forward, as we
shall see.
Now, a cycle of adjustment values W (k) = w12 =
k, w23 = −k, w34 = k . . . , wn1 = −k (all others zero)
satisﬁes the zero sum constraints, provided it alternates
between D− and D+ . If no wij > fij , then all F  will
be non-negative, and W (k) will be a valid adjustment.
Theorem 5.1. Any valid adjustment A is a sum of
valid cycles.
Proof. If all edges in A are zero, the adjustment
is trivially a sum of zero cycles. Otherwise, for any
valid adjustment A with some non-zero edges, let k be
the least absolute value of a non-zero edge. We can
clearly choose a cycle W (k) that traces a non-zero cycle
in A and that “cancels” at least one edge, so it is zero
in A − W (k). Moreover, since k is the least cost of a
valid adjustment, A − W (k) must also be valid, as is
W (k). Since subtracting W (k) decreases the number
of non-zero edges, there is a ﬁnite series of cycles that
will cancel all non-zero edges. Thus, if A is any valid

Middlesex University School of Computing Science Technical Report

The Directed Chinese Postman Problem
adjustment, it is a sum of valid cycles.

✷

By Theorem 5.1, a valid adjustment A can always be
expanded as a series of valid cycles. If F  is an improved
solution over F , then at least one of these cycles must
have a positive cost. Conversely if there is no such cycle,
then there is no F  that can be an improved solution
(and the algorithm terminates with F as an optimal
solution).
Conveniently the cost of a cycle W (k) is k times the
cost of W (1). Hence to identify a cycle 
of positive cost,
ﬁnd a cycle W that has a positive total ±cij summed
with alternating signs along W ; to ﬁnd a valid cycle we
must exclude from consideration any edges where fij
would be made negative. Since k ≥ 1, the edges that
are excluded from consideration are those with f = 0.
Fortunately this subproblem is easier than it appears!
Create a weighted directed graph R (a so-called residual
graph) with pairs of edges
(i, j) with cost +cij
(j, i) with cost −cij

if i ∈ D− , j ∈ D+
if fij = 0

This graph has cycles of edges with costs of alternating
signs (strictly, of alternating ±1 multipliers), though
for reasons that will become apparent shortly we have
reversed all signs. To identify W , then, ﬁnd a negative
cost cycle in R.
One way to do this is to ﬁnd the all-pairs shortest
paths; if there is any negative cycle in R there will in
particular be a path (i ❀ i) with negative cost for some
i. Choose one, ﬁx k as the largest that would make
no f  negative along that cycle, and hence generate the
solution F  = F − W (k).
Unfortunately the Floyd-Warshall algorithm can ﬁnd
spurious negative cycles: for once a negative cycle has
been found, any other cycle (j ❀ j) can be diverted
through the negative cycle, thus reducing its cost, and
possibly creating what appears to be another negative
cycle. Thus we modify the Floyd-Warshall algorithm to
terminate as soon as the ﬁrst negative cycle is found.
Since this also ensures that no vertex is recorded as
being on more than one cycle, recovering the path of
the cycle is easy, using the method of Section 5.2.1.
Now we see why we did not use −R and look for a cycle of positive cost. The modiﬁed Floyd-Warshall algorithm ﬁnds (if any) at most one negative cycle, and otherwise all shortest paths. Since elsewhere in the CPT
a negative cycle (i.e., in G) is an error, ﬁnding at most
one is suﬃcient, and the same routine can be used in
all contexts correctly.
Three important questions remain.
Does the algorithm ﬁnd integer solutions? We know
from Section 5.1 that there may be non-integral optimal
solutions, which would be inappropriate for the CPT,
so it is essential to argue that the algorithm does ﬁnd
integral solutions. Provided the greedy solution to the
initialisation ﬁnds integral values for F , the k for canceling any negative cycle must be integral. Hence each

9

iteration changes f by integers, and solutions found will
be integral. (Since Phase 1 checked G is strongly connected, by Theorem 3.1, we know there is a feasible
solution. We leave it as an exercise to show that the
greedy approach (see Appendix A) ﬁnds a feasible integer solution.)
Does the algorithm terminate? Since the f values
are integral, not less than zero, and bounded from above
(from the constraints), there are only a ﬁnite number of
feasible solutions. Since each iteration either decreases
φ or terminates, the changes to the f values cannot
cycle. Therefore the algorithm terminates in a ﬁnite
number of steps.
Does the algorithm ﬁnd an optimal solution? If there
is an improved solution F  there must be a valid adjustment cycle. Therefore every iteration decreases φ,
and the algorithm does not terminate until there is no
possible improvement.
Thus the algorithm is correct; whether it is eﬃcient
is another matter; cf. Appendix B, which provides some
suggestions. We have developed one that is simple and
easy to show correct in preference for a sophisticated
algorithm that might be usefully faster for very large
problems.
5.4.

Phases 4, 5, & 6: Finding the tour


Construct the graph G : for each fij
> 0 of the optimal

edges
solution to the transportation problem, adjoin fij
(i, j) to G. The optimal CPT of G then corresponds to
any Eulerian circuit of G , where each adjoined edge
(i, j) in G represents a least cost path (i ❀ j) in the
CPT of G. Notice the proviso ‘adjoined ,’ since if we
simply chose least cost paths in G for any edge in G ,
then of a parallel set of original edges in G, possibly of
diﬀerent cost, we would always take the least cost, and
therefore not ﬁnd a complete tour.
An Eulerian circuit of G can be found using a standard algorithm. Find a spanning tree of G (this also
spans G ). To read oﬀ the Eulerian circuit, edges are
chosen in order such that: no edge in G is traversed
more than once and no edge is chosen from the tree
if another edge is still available [27]. Equivalently, the
CPT can be read oﬀ without explicitly representing G :

× (i, j)
for any vertex on the tour, take a path from fij
if possible, else take an edge from G other than an edge
in the spanning tree if possible, else take an edge from
the spanning tree.
Finding a spanning tree is trivial assuming we have
already worked out the shortest path matrix P (e.g.,
having used the Floyd-Warshall algorithm to check connectivity and ﬁnd shortest paths), as described above
in §5.2.

6.

THE DIRECTED RURAL CHINESE
POSTMAN AND OTHER VARIATIONS

The CPT requires paths from D− to D+ . In a strongly
connected graph G, these paths can be found in G. If
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the graph is not strongly connected, no CPT is possible.
If for some graph F , F ∪G is strongly connected, there is
a CPT of the union. The Rural Chinese Postman Tour
is a minimal cost tour of a graph (here, the directed
multigraph F ∪ G) such that every edge of a speciﬁed
subgraph (here, G) is traversed at least once.
As described earlier, a practical application of this is
web site link checking. The graph F corresponds to the
bookmark list of the browser, which allows the user to
‘jump’ to any page of the site. The browser bookmarks,
however, do not need checking by hand (they can be
generated automatically). In this case, F may be a
complete graph.
•

•
•

6.1.

To solve the problem, set the costs cij as the minimal cost of paths (i ❀ j) ∈ F ∪ G, and keep
δ unchanged as the balance of G. Clearly, to ﬁnd
the tour (rather than just its cost) a separate structure is required to track whether the minimum cost
paths are to be taken from F or G.
If costs of edges in F are less than those in G, it is
clear that no repeated edges of G will be required
in a CPT.
Since the only adjoined edges are in D− to D+ ,
the bookmark list need only give D+ . (To make
checking easier for a human, bookmarks may be
repeated δ times and put in an order corresponding
to the chosen CPT.)
Other variations on the Postman Problem

A solution following a complete Eulerian circuit (of G )
starts and ﬁnishes at the same vertex, which is appropriate for some problems (e.g., for snow ploughs, which
need to start and return to base) but may be an unnecessary restriction for other applications.
•

•

For problems where one only wishes to visit every edge without restriction on where one starts or
ﬁnishes (e.g., as in checking a web site), ﬁrst determine the most expensive adjoined path (u ❀ v)
and start the tour at v and stop at the last visit
to u.
If there is a restriction that the tour must start at
a nominated vertex (e.g., a home page) v, but no
restriction on where it ﬁnishes, then determine the
most expensive adjoined path (u ❀ v) into v. Start
the tour at v and stop at the last visit to u.

The algorithm above (§5.4) is easily modiﬁed: having
found an Eulerian circuit of G , mark (u ❀ v) as having been traversed once (the complete CPT may have
required it to be traversed more than once), then start
the tour, as before, starting at v. The tour then ﬁnishes
at u when there are no untraversed edges or paths to
take.
7.

THE DIFFICULTY OF CPP

Section 4 showed that the CPP can be solved by reducing it to a transport integer linear programming prob-

lem. As pointed out, this result in itself is not surprising, since linear programming is a powerful problem solving paradigm (for example, linear programming
can solve the TSP [5] — see, too, the seminal paper by
Dantzig et al. [19]). We now show that this form of
linear programming can be reduced (in linear time) to
ﬁnding an optimal CPT, and that the CPT represents
the solution. It follows that the two problems are equivalent (up to the cost of the reduction), and therefore no
signiﬁcantly better algorithm can be found for the CPP.
Matching can be done eﬃciently (in polynomial
time), though no particularly simple algorithm is
known — Knuth’s C code for matching ([32] and Appendix D.1) runs to about 9 book pages of code, 16
including commentary. Though it may still be possible
to combine the various stages of CPP together into a
diﬀerent algorithm not explicitly requiring a matching
stage, since the reduction of matching to CPT is trivial
it follows that no simple algorithm for CPP is available.
This is in contrast to the TSP, for which there are very
simple algorithms (e.g., depth ﬁrst search takes a few
lines of code) but for which there are no eﬃcient algorithms — see [41] for an excellent review of the TSP.
Any optimisation problem of the form (1) can be
converted to a suitable graph. Let n = |D− | and
p = |D+ |, n, p > 0. Construct a graph with vertices
{b, u1 , . . . , un , v1 , . . . , vp } as follows.
Add all n × p edges (ui , vj ), and assign them weights
cij . For each vertex ui add p parallel edges (b, ui ) from
b, and for each vertex vj add n parallel edges (vj , b) to b.
This graph is Eulerian.
Vertices ui should, however, have balance −δ(ui ); this
is achieved by adding this number of edges from b to ui .
Similarly, vertices vj should have balance δ(vj ); this is
achieved by adding this number of edges to b from vj .
To ensure the shortest paths from ui to vj are
the edges (ui , vj ), no indirect path of the form
(ui , v  , b, u , vj ) can have a cost less than cij . This is
readily achieved by assigning the edges into and from b
weights at least max(cij ).
This completes the construction; see Figure 3. Of
course, this graph is ‘just another’ representation of a
graph matching problem (§D.1), but with the desired
property that it has a meaningful CPT.
We next need to show that the vertex b is balanced,
so that the CPT of the graph will only involve repeating
the edges (ui , vj ).
Each vertex ui has an overall balance of −δ(ui ) by
construction. Hence the total contribution of the u vertices to the out-degree of b is


np +
−δ(ui ) = np −
δ(ui )
i=1..n

ui ∈D −

Similarly the contribution of the v vertices to the total in-degree of b is


np +
δ(vj ) = np +
δ(vj )
j=1..p
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FIGURE 3. Example construction of a graph corresponding to the linear programming formulation of the CPP. Here
n = 3 = |D− | and p = 2 = |D+ |. The thicker lines represent multiple parallel edges; the thin lines single edges (for all
vertices, the in-degrees and out-degrees are equal).

These sums are equal by the constraints of (1), as consistent with Observation 2. Therefore b is balanced, and
the CPT for the graph only repeats the edges (ui , vj ),
as required.
The solution to the optimisation problem can be derived from the optimal CPT of that graph. Given a
CPT of such a graph, identify the edges that are traversed more than once (these are not incident to b).
This immediately identiﬁes the vertices in D− and D+
and the optimal paths between them. The values of f 
can be read oﬀ as one less than the number of times
each path (ui ❀ vj ) is traversed, and the value of φ
is the
of f  times the weight of each path (i.e.,
total

φ = cui vj fui vj ).
The reduction is eﬃcient. If the reduction of the linear programming problem to the CPP, and obtaining
the solution from the CPT were suﬃciently costly operations, then we could not claim the problems were
equivalent. We must show the reduction is eﬃcient —
speciﬁcally it must, in the limit, be more eﬃcient than
the polynomial cost of performing the linear programming (Knuth’s algorithm is cubic).
Unfortunately
 the graph constructed has a number of
edges, 3np + |δ|, dependent on the values of the constraints, not just on the number of constraints. However if the graph is represented as a set of triples,
(v1 , v2 ), c, n — as an edge, a weight, and a repetition — then the number of triples is n + p + np, and
independent of the constraint values. The graph can
therefore be constructed in linear time on the number
of constraints.
Reading oﬀ the solution from the CPT requires counting repeated edges. The naı̈ve cost of doing this
is proportional
to the number of edges in the CPT,

3np + 32
|δ|, rather than proportional to the number of constraints. However, a tour is a sequence of
the form b, (u, v)1 , b, (u, v)2 , b . . .. In this sequence, the
order of traversal of the edges (u, v)i is immaterial —

since all paths cross over through the vertex b, there is
no ‘memory’ of the previous edges. Therefore the CPT
can be permuted so that repeated (u, v) edge traversals are consecutive. Without loss of generality, then,
the CPT can be represented canonically as a set of np
pairs, (u, v), n — as an edge and a repetition. This
representation of the CPT is a direct representation of

+ 1.
the solution, viz (u, v), fuv
Finally, because of the necessity and optimality conditions (Section 4) an eﬃcient CPT algorithm cannot
omit the shortest paths computation (though one might
use more eﬃcient algorithms than we do here) and the
construction of the Euler tour. Thus we conclude that
there is no substantially better algorithm possible.
8.

CONCLUSIONS

This paper has shown that the Chinese Postman Problem may be solved using standard algorithms. The tour
itself is found from an Euler circuit of a derived graph,
which is found as a solution to a linear programming
problem, by a minimum cost bipartite matching problem, or in other ways; in turn, the Euler circuit can be
found from spanning trees, and the paths required are
found from least cost path algorithms.
The Chinese Postman Problem does not get the
recognition it deserves because it has seemed too complex for elementary treatment, yet it is in a sense trivial
— it is equivalent to, and therefore as hard as, a collection of well-known problems.
Appendix A provides complete Java code. The World
Wide Web site
http://www.cs.mdx.ac.uk/harold/cpp
provides downloadable code in both Java and Mathematica (along with test data, including the Nokia mobile phone example) as a complete Mathematica notebook that can be directly executed or viewed (e.g., for
copy-and-paste) in a Mathematica ‘reader.’
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A.

JAVA CODE

The main phases of the algorithm are called as methods, discussed in sections in the body of the paper: §5.2
(least cost paths and checking the graph); §5.3 (ﬁnding a feasible solution and iterating); §5.4 (printing the
tour).
public void cpp()
{ checkInitialised();
leastCostPaths();
checkValid();
findFeasible();
while( improvements() );
printCPT(0); // a tour starting from 0
}

Here is how the code would be used to ﬁnd a CPT for
the example used in the main body of the paper (the
method addedge is described later). Note how vertices
are numbered from zero, as is conventional in Java.
Graph G = new Graph(4);
G.addedge("a", 0, 1, 1).addedge("b", 0, 2, 1)
.addedge("c", 1, 2, 1).addedge("d", 1, 3, 1)
.addedge("e", 2, 3, 1).addedge("f", 3, 0, 1);
G.cpp();

. . . and the output from running the example is as follows:
Take edge b from 0 to 2
Take path from 2 to 0:
Take edge e from 2 to
Take edge f from 3 to
Take edge a from 0 to 1
Take edge c from 1 to 2
Take edge e from 2 to 3
Take path from 3 to 1:
Take edge f from 3 to
Take edge a from 0 to
Take edge d from 1 to 3
Take edge f from 3 to 0

3
0

0
1

We check the graph is strongly connected and has no
negative cycles: this ensures there is an optimal CPT.
private void checkValid()
{ for( int i = 0; i < n; i++ )
if( c[i][i] < 0 )
throw new Error("Negative cycles");
else for( int j = 0; j < n; j++ )
if( !defined[i][j] )
throw new Error("Not strongly connected");
}

A modiﬁed Floyd-Warshall algorithm is used, with a
check to terminate it early if any negative cycle is found.
private void leastCostPaths()
{ for( int k = 0; k < n; k++ )
for( int i = 0; i < n; i++ )
if( defined[i][k] )
for( int j = 0; j < n; j++ )
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R.leastCostPaths();
// cancel the cycle (if any)
for( int i = 0; i < n; i++ )
if( R.c[i][i] < 0 )
{ int k = 0, u, v;
boolean kunset = true;
u = i; do // find k to cancel
{ v = R.path[u][i];
if( R.c[u][v] < 0
&& (kunset || k > f[v][u]) )
{ k = f[v][u];
kunset = false;
}
} while( (u = v) != i );
u = i; do // cancel k along the cycle
{ v = R.path[u][i];
if( R.c[u][v] < 0 ) f[v][u] -= k;
else f[u][v] += k;
} while( (u = v) != i );
return true; // have another go
}
return false; // no improvements found

if( defined[k][j]
&& (!defined[i][j]
|| c[i][j] > c[i][k]+c[k][j]) )
{ defined[i][j] = true;
path[i][j] = path[i][k];
c[i][j] = c[i][k]+c[k][j];
// return on negative cycle
if( i == j && c[i][j] < 0 )
return;
}

The greedy method is used to establish an initial integral feasible solution. The arrays neg and pos represent
the sets D− and D+ of the derivation in the main part
of the paper in §4.
private void findFeasible()
{ int nn = 0, np = 0;
for( int i = 0; i < n; i++ )
if( degree[i] < 0 ) nn++;
else if( degree[i] > 0 ) np++;
neg = new int[nn];
pos = new int[np];
nn = np = 0;
for( int i = 0; i < n; i++ )
if( degree[i] < 0 ) neg[nn++] = i;
else if( degree[i] > 0 ) pos[np++] = i;

}

for( int u = 0; u < nn; u++ )
{ int i = neg[u];
for( int v = 0; v < np; v++ )
{ int j = pos[v];
f[i][j] = -degree[i] < degree[j]?
-degree[i]: degree[j];
degree[i] += f[i][j];
degree[j] -= f[i][j];
}
}

If a negative cycle can be found in the residual graph,
cancel it — and return true so that the main routine
(cpp) repeats the iteration. We create a residual graph
R of size n, which will create an adjacency matrix of
size n2 , but in fact a matrix of size (neg.length +
pos.length)2 , usually smaller, would be suﬃcient —
except we would have to map subscripts to the ranges
of the smaller matrix.
private boolean improvements()
{ Graph R = new Graph(n);
for( int u = 0; u < neg.length; u++ )
{ int i = neg[u];
for( int v = 0; v < pos.length; v++ )
{ int j = pos[v];
if( edges[i][j] > 0 )
R.addedge(null, i, j, c[i][j]);
if( f[i][j] != 0 )
R.addedge(null, j, i, -c[i][j]);
}
}
// find a negative cycle

}

Print an optimal Chinese Postman Tour.
private void printCPT(int start)
{ printPath: for( int v = start;;)
{ int u = v;
// find an adjoined path, if any
for( int i = 0; i < n; i++ )
if( f[u][i] > 0 )
{ v = i;
f[u][v]--;
System.out.println(
" Take path from "+u+" to "+v+": ");
for( int p; u != v; u = p )
{ p = path[u][v];
System.out.println("
Take edge "
+label[u][p]
.elementAt(cheapestEdge[u][p])
+" from "+u+" to "+p);
}
continue printPath;
}
// find an existing edge, using bridge last
v = -1;
for( int i = 0; i < n; i++ )
if( edges[u][i] > 0 )
if( v == -1 || i != path[u][start] )
v = i;
// finished when no more bridges
if( v == -1 )
return;
// note how this uses each edge in turn
System.out.println("Take edge "
+label[u][v].elementAt(edges[u][v]-1)
+" from "+u+" to "+v);
// remove edge that's been used
edges[u][v]--;
}
}
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Graphs are most easily constructed by adding edges.
(Some tedious complexity in the code arises from keeping track of multiple labels for parallel edges; otherwise
we only need to know, for any pair of vertices, the number of edges and the cheapest cost.)
Graph addedge(String lab, int u, int v, float cost)
{ if( !defined[u][v] )
label[u][v] = new Vector();
label[u][v].addElement(lab);
if( !defined[u][v] || c[u][v] > cost )
{ c[u][v] = cost;
cheapestEdge[u][v] = edges[u][v];
defined[u][v] = true;
path[u][v] = v;
}
edges[u][v]++;
degree[u]++;
degree[v]--;
return this;
}

15

.
.
.
}

Finally note that, for simplicity, as currently deﬁned
the code has two minor restrictions:
•

•

Having deﬁned all the relevant methods, now we give
the rest of the Java ﬁle, the class deﬁnition including the
class ﬁelds and initialisers. All the methods described
above are deﬁned within this class.
Note that initialisation in Java sets booleans to false
and integers to zero. This is relied on: all edges are
initially undeﬁned (i.e., defined for all edges is false),
edges, neg and pos are zero, and so on.

To avoid the complexity of changing the size of
the vectors and matrices dynamically, a new Graph
is created with a ﬁxed size. This means that, although a graph is deﬁned by its edges, it has to be
speciﬁed by ﬁrst saying how many vertices it has —
this might be tedious if we wanted to create a graph
while walking a web site of initially unknown size.
(A dynamic array can easily be subclassed from
Java’s Vector, as one solution, but doing so would
take our code into programming Java rather than
providing a clear CPP algorithm.)
The code corrupts the degree and edge counts
in situ and therefore it cannot be repeatedly
invoked without reinitialising the graph. Thus
the method below checks the graph is initialised.
The corruption is easy to ﬁx at the expense of
adding more code: solutions include working on
copies of the arrays (which could be made in the
checkInitialised() routine), or re-establishing
their correct values at termination, etc.

private boolean initialised;
import java.io.*;
import java.awt.*;
import java.util.*;
public class Graph
{ private int n; // number of vertices
private int degree[]; // degrees of vertices
private int neg[], pos[]; // unbalanced vertices
private int path[][], edges[][],
cheapestEdge[][], f[][];
private boolean defined[][];
private Vector label[][]; // names of edges
private float c[][];
Graph(int vertices)
{ n = vertices;
degree = new int[n];
defined = new boolean[n][n];
label = new Vector[n][n];
c = new float[n][n];
f = new int[n][n];
edges = new int[n][n];
cheapestEdge = new int[n][n];
path = new int[n][n];
initialised = true;
}
.
.
.
// Other methods are described
// elsewhere in this Appendix

private void checkInitialised()
{ if( !initialised )
throw new Error("Graph not initialised");
// the algorithm destroys some fields
initialised = false;
}

B.

POSSIBLE OPTIMISATIONS, ETC.

The Java code is deliberately simple, and provides many
opportunities to be optimised; however many optimisations would make the code longer and more obscure,
and are therefore beyond the scope and interest of this
paper.
The least cost paths method itself detects negative
cycles, but both places where it is used there is a secondary check to ﬁnd negative cycles. A simple optimisation would be to assume that all costs are less than
some huge value: the ﬁeld defined could then be disposed of — by using costs equal to the huge value to
denote undeﬁned edges.
The residual graph is constructed conveniently the
same size as the original graph, but it could be smaller
— this issue is discussed above.
A common ineﬃciency in the code arises from the
use of simple linear searches throughout, for example in
searching for edges when the tour is constructed. There
are many ways to improve the speed, for instance by
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constructing lists of out-edges by vertex when the cost
matrix is initialised.
The most sophisticated ineﬃciency is caused by the
choice of negative cycle to cancel. As it happens, the
code searches for a negative cycle sequentially and stops
at the ﬁrst one it ﬁnds, but there are better schemes for
making the choice [28]. Note that such algorithms are
applied to our (smaller) derived graph G , not to the
initial (larger) problem G, and therefore their improved
orders of magnitude of time complexity are less signiﬁcant than might be expected — and may be overcome
by higher overheads.
C.

HOW
THE
FORMATTED

JAVA

CODE

WAS

Presenting accurate code has been a major concern of
this paper. A systematic approach was taken to ensure
the integrity of the typeset code and examples used.
Java source code was marked up using comments of
the form
// $save$ filename

which was processed (by a simple Java ﬁlter) to copy
text on subsequent lines to the speciﬁed ﬁle, adhering to LATEX typesetting conventions (e.g., converting
& into \&). Using several such comments thus split the
Java class ﬁle into several LATEX ﬁles.
The LATEX ﬁle that is this paper then included the
processed Java code directly from the generated ﬁles.
Thus the sections of Java code in Appendix A are exactly the code that was debugged and used for running the example. In fact the example output was
also processed automatically: it was prepended with
“// $save$ example.tex” and the resulting output
ﬁle was processed just like the Java source ﬁles (and
therefore conveniently converted to LATEX).
This approach is a simpliﬁcation of literate programming [35] with the advantage that the source ﬁle is conventional, pure Java rather than a literate programming
document, which would require the availability of other
tools to process to extract compilable Java.
The approach taken has beneﬁtted from the advantages claimed for literate programming: a minor typo in
the Java was corrected as a result of the ease of proofreading the LATEX formatting juxtaposed with the English descriptions.
D.

ALTERNATIVE CORE ALGORITHMS

We showed how to reduce the core of CPP to integer
linear programming in Section 4. With a suitable library routine available, this will be suﬃcient to proceed
for this part of the problem. For example, the simplex
algorithm provides integer solutions in this case [36].
However, if a library routine is used, we may not know
exactly what algorithm is used, so we cannot guarantee obtaining integer solutions (see the example used in

Section 5.1, which shows integer solutions are not guaranteed), though simple iterative search techniques can
be used [37] for converging to integer solutions.
If we were only interested in the deﬁciency (φ) nonintegral solutions for f  would not matter, but for ﬁnding the CPT integers are required and unfortunately not
all linear programming routines necessarily ﬁnd the integer solutions. Fortunately it is easy to show that the
simplex method guarantees integer solutions in this case
[36], as would using appropriate network algorithms [18]
(in general, network ﬂow need not provide integer solutions).
Note that the linear programming problem is simpler
than it looks. Because of the given relation of the δs,
that the degrees of the unbalanced vertices sum to zero,
one constraint on the sums of f  is redundant. Further
variable notation makes it look like there
more the fij
are always |V |2 variables to deal with, since both i and
j range over all the vertices of G. There are indeed
|V | vertices, so apparently |V |2 variables, but in general some vertices will be balanced (their δ(v) will be
zero), so the sums of f  in or out of these vertices will
be zero; thus, since f  ≥ 0 by deﬁnition, some of the
constraints may trivially make some f  zero. In fact,
as we only consider paths from D− to D+ no paths are
added just between vertices from the same set. Speciﬁcally, there are at most |D− | × |D+ | non-zero variables,
and there will always be no more than |V |2 /4, since
|D− | + |D+ | ≤ |V |.
The core part of the algorithm is a linear programming problem, a transportation problem, a minimisation problem . . . in fact, it is a generic problem, for
which many algorithms are known [2]. We now review
some alternative approaches to the cycle canceling algorithm used in §5.3 and Appendix A.
D.1.

Matching

A bipartite graph is a graph that can be partitioned into
two sets of vertices, where edges only connect vertices
in the diﬀerent sets. A matching of a graph is a set of
edges that share no vertex. A perfect bipartite matching,
then, is a set of edges that connect the vertices in each
partite set one-to-one. If the edges are weighted, then
of all possible matchings, some will be of minimal total
cost.
There are two alternative ways to convert the linear programming to a minimum weight perfect bipartite matching problem (also known as minimum weight
assignment problem).
•

•

A bipartite graph is constructed that has its two
sets of vertices corresponding to D− and D+ , with
vertex v is repeated |δ(v)| times so that a perfect
matching is possible.
A bipartite graph is constructed that has its two
sets of vertices corresponding to D− and D+ , with
each vertex appearing once. A perfect matching
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then ﬁnds a (0, 1) solution for f . The largest possible multiple of this solution is subtracted from the
δ constraints on f , and the process repeated until
the outstanding constraints are zero.
In either case, the weight of each edge is given by the
cost of the corresponding least cost paths in the original
graph G.
Having constructed a bipartite graph, the matching
problem can be solved directly. For example, Knuth [32]
provides exemplary (complete and fully documented)
C code for the Hungarian algorithm. Kolman and Beck
[36] provide a particularly clear explanation of this algorithm. The Hungarian algorithm also has elegant properties that makes it ideal for programming — invariants can be checked to assure that the program is correct [30]. Indeed the algorithm is one of the most popular and important algorithms in combinatorics (see,
e.g., [30]) — so it is worth covering for educational
reasons alone.
D.2.

Network ﬂow

The problem can be converted to a network ﬂow problem as follows. If a multiple source/sink algorithm is
available, simply treat each vertex in D− as a source
and each vertex in D+ as 
a sink, and assign all edges a
capacity the appropriate
δ. Otherwise, in case only
a single source and sink can be handled, add a ‘source’
vertex connected by edges to each vertex corresponding
to D− , and add a ‘sink’ vertex connected by edges from
each vertex corresponding to D+ .
We now require the minimum cost ﬂow through the
graph at given ﬂow levels. The ﬂow level ﬁnds a perfect
matching; the minimum cost minimises the CPT cost.
Sources to obtain code (in Pascal, C++, etc) for mincost max-ﬂow implementations are given by [51]; the
Ford-Fulkerson algorithm is discussed in [2, 24, 27], and
[55] gives a particularly clear discussion of its use for
ﬁnding bipartite matchings.
D.3.

Special cases

When all adjoined path costs are equal — as may easily
occur in the rural CPT — (and in certain other cases),
the problem can be solved by a greedy method. (In
Section 4 we showed a greedy method can ﬁnd a feasible
solution; and from Section 5.3, if any improvements are
possible there will be an alternating cycle of positive
and negative costs with an overall negative sum — but
when all the costs are equal the sum of any alternating
cycle is zero. Thus any feasible solution for a problem
with equal costs is an optimal solution.)
In the special case that costs are zero (cf. [23]), we
may wish to pretend the costs are 1 to better distribute
the use of edges in the CPT.
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